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Figurel: XAIF GraphHierarchy

1 Example

In this sectionwe shav how the XAIF is usedin the automaticdifferentiationof the following C code.The complete
example,includingthe XAIF for the original andtransformedsourcecode,is availableat the XAIF webpage.

voi d head(doubl e x, double y) {
int i;
for (i=1;i<10;i++) {
conput (X, y) ;
if (y<0) exit;

}

voi d conpute(double x, double y) {
doubl e h;
h=exp(x*x*x) ;
y=si n(h*x);

1.1 XAIF of Original Program

In XAIF, a programis representedsa hierarchyof directedgraphsasshown in figure 1. The call graphconsistsof
two verticesrepresentinghetwo subroutinesiead andconput e. Thecall of conput e insidehead is represented

by theedgeconnectinghesevertices.



<?xm version="1.0" encodi ng="UTF-8"?>
<xaif:Call Gaph ... >
<xai f: Call GraphProperties>

</$<.ai f:Cal | GaphProperties>
<xai f: Synbol Tabl e>

</ xai f: Synbol Tabl e>

<l-- head(doubl e x, double y) -->
<xai f: Call GraphVertex id="0" synbol | d="head">

</ xa| f:Ca | GaphVertex>

<l-- void conpute(double x, double y) -->
<xai f: Call GraphVertex id="1" synbol | d="conpute">

</ xa| f:Ca | GaphVertex>
<xai f: Call GraphEdge id="0" source="0" target="1"/>

</ xai f: Qll G aph>

The controlflow graphof head containsthreeverticesin additionto the standarcent r y andexi t vertices.lf
thef or -loop conditionis satisfied,the loop body getsexecuted. Otherwise the programis continuedwith the first
statemenfollowing theloop. In this exampleno statemenfollowsthe loop, which resultsin anedgeleadinginto the
exit verte.

Thefirst statementinsidethe loop bodyis the call of conput e followedby ani f -statementDependingon the
valueof thetest,theloopis exited or the next statemenin theloop bodyis executed.As thei f -statemenhappengo
bethelaststatemenbf theloop body; thisis equivalentto jumpingbackto the headof theloop.

<xai f: Cont r ol Fl owGr aph>
<xai f: Cont r ol Fl onGr aphProperti es>

</ xai f: Cont r ol Fl owG aphProperties>
<xai f: Synbol Tabl e>

</ xai f: Synbol Tabl e>

<xai f: Control Fl owWertex id="0" name="Entry"/>

<xai f: Control Fl owWertex id="1" nane="For Loop">...</xai f: Control Fl owVertex>
<xai f: Control Fl owWertex id="2" nane="Basi cBl ock">...</xai f: Control Fl owWertex>
<xai f: Control Fl owWertex id="3" name="I1f">...</xaif: Control Fl owMertex>

<xai f: Control Fl owWertex id="4" nane="Exit"/>

<xai f: Cont rol Fl onEdge id="0" source="0" target="1"/>

<xai f: Control Fl onEdge id="1" source="1" target="4"/>

<xai f: Control Fl onEdge id="2" source="1" target="2"/>

<xai f: Control Fl onEdge id="3" source="2" target="3"/>

<xai f: Control Fl onEdge id="4" source="3" target="1"/>

<xai f: Control Fl onEdge id="5" source="3" target="4"/>

</ xai f: Gont r ol Fl owGr aph>

The control flow inside conput e is straightforward. It consistsof a single basicblock in additionto ent ry
andexi t . After canonicalizatior{performedby thefront-end),the basicblock containsfour assignmenstatements,
which arerepresentetdy the four verticesof theBasi cBl ockG aph elementshovn below.



<xai f : Basi cBl ockGr aph>
<xai f : Basi cBl ockGr aphProperties>
<xai f:Property id="0" nane="inl oop" val ue="no"/>
</ xai f: Basi cBl ockGr aphProperti es>

<I-- tl = x*x*x; -->
<xai f : Basi cBl ockVertex id="0" name="Assi gnment St at enent G aph" >

</ xai f : Basi cBl ockVert ex>

<l-- h = exp(tl); -->
<xai f: Basi cBl ockVertex id="1" name="Assi gnment St at enent G aph" >

</ xai f : Basi cBl ockVert ex>

<l-- t2 = h*x; -->
<xai f: Basi cBl ockVertex id="2" name="Assi gnment St at enent G aph" >

</ xai f : Basi cBl ockVert ex>

<l-- 'y =sin(t2); -->
<xai f: Basi cBl ockVertex id="3" name="Assi gnment St at enent G aph" >

</ xai f : Basi cBl ockVert ex>

<l-- data flow -->

<xali f: Basi cBl ockEdge id="0" source="0" target="1"/>

<xai f: Basi cBl ockEdge id="1" source="1" target="2"/>

<xali f : Basi cBl ockEdge id="2" source="2" target="3"/>
</ xai f: Basi cBl ockG aph>

EachAssi gnnent St at ement Gr aph consistof avariablereferenceepresentingheleft-handsideandsome
expressiorDAG representingheright-handside,asillustratednext.

<l-- t2 = h*x; -->
<xai f: Basi cBl ockVertex id="2" nane="Assi gnnent St at ement Gr aph" >
<xai f: Assi gnnment St at enment G aph>
<xai f: Vari abl eRef erenceVertex id="0" synbol |d="1_4"/>
<xai f: Assi gnment RHSVertex id="1">
<xai f : Expr essi onG aph>

<xai f: Vari abl eRef erenceVertex id="0" synbol |d="1_3"/>
<xai f: Vari abl eRef erenceVertex id="1" synbol Id="1_1"/>
<xai f: Bi nar yExpr essi onVertex id="2" name="Miltiply"/>
<xai f: Expr essi onEdge id="0" source="0" target="2"/>
<xai f: Expr essi onEdge id="1" source="1" target="2"/>

</ xai f : Expr essi onGr aph>
</ xai f: Assi gnment RHSVer t ex>
<xai f: Assi gnnent St at enent Edge i d="0" source="1" target="0"/>
</ xai f: Assi gnment St at enent G aph>
</ xai f : Basi cBl ockVert ex>

<l--y =sin(t2); -->
<xai f: Basi cBl ockVertex id="3" nane="Assi gnment St at ement Gr aph" >
<xai f: Assi gnnment St at enent G aph>
<xai f: St at ement Properties>
</ xai f: Stat ement Properti es>
<xai f: Vari abl eRef erenceVertex id="0" synbol |d="1_5"/>
<xai f: Assi gnment RHSVertex id="1">
<xai f : Expr essi onG aph>
<xai f: Subrouti neCal | Expr essi onVertex id="0" synbol | d="exp">
<xai f: Subrouti neAr gunment >
<xai f: Vari abl eRef erence synbol 1d="1_4"/>
</ xai f: Subr out i neAr gunent >
</ xai f: Subr out i neCal | Expr essi onVer t ex>
</ xai f : Expr essi onGr aph>
</ xai f: Assi gnment RHSVer t ex>
<xai f: Assi gnnent St at enent Edge i d="0" source="1" target="0"/>
</ xai f: Assi gnment St at enent G aph>
</ xai f : Basi cBl ockVert ex>
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Figure2: LinearizedComputationalGraph

The minimal verticesin the expressionDAGs representvariable references.All other verticesare arithmetic
operationr function calls. The valueassociatedvith the maximalvertex is assignedo the variablereferencedn
theleft-handside.Intermediataesultsarelabeledv, . . . | v5.

1.2 XAIF of Transformed Program

In this sectionwe describethe resultof transformingthe original programsemanticallyaccordingto a two-stepAD
algorithm:

1. Derivative codefor computingthe local Jacobiarof the basicblock in conmput e is generated.Sincein this
simpleexampletherearejust oneindependenx andonedependeny variable thelocal Jacobiarcontainsonly
oneelementdy/dx, whichis thederivative of y with respecto x.

2. Derivative codegeneratediccordingto the rulesof forward-modeAD computedirectionalderivativesof the
dependentvith respectto the independentariables,that is, Jacobianmatrix times vector products. In the
example,this simplifiesto a weightedderivative, namely the productof dy/9x andsomescalaweightad _ x.
The semantic®f the programis changedn orderto computethis value.

Referencingelevantliterature,we briefly discussa methodfor generatingoptimal derivative codefor thelocal Jaco-
bianof conput e. The main elementf the correspondingXAlF representatioare presentedn the contet of the
XAIF of theforward-modeAD transformedtode.

The computationaraphof the basicblock is shavn in Figure 2. Expressiondor the local partial derivatives
areattachedo the edges.Givena valuefor x, one canevaluatetheseexpressionguring a single evaluationof the
basicblockin parallelwith the actualfunctionvaluey itself. Thisresultsin alinearizedversionof the computational
graph.As shown in [5], thevalueof derivative dy/9x atthe currentagumentcanbe accumulatedby eliminatingthe
p intermediateverticesin thelinearizedcomputationagraph(in our example,p = 4). Theorderin whichthisis done
determineghe numberof scalarfloating-pointoperationgequiredfor this processMinimizing this valueover the p!
differenteliminationorderingss conjecturedo bean NP-completd4] combinatorialbptimizationproblem[2, 5].



A deterministicalgorithmfor gradientswith single-readntermediatevariables(suchasthegraphin our example)
is discussedn [6]. It leadsto thefollowing derivative codefor conput e:

voi d conpute_ad(doubl e x, double ad_x, double y, double ad_y) {

doubl e h;

double t1, t2;

doubl e _dy_dx_t1, dy_dx_t2, _dy_dx_t3, _dy_dx_t4;
doubl e _dy_dx;

t 1=x*X*X;
h=exp(t1);
t 2=h*x;
y=sin(t2);
dy_dx_t1 = (X+X)*X+X*X
_dy_dx_t2 = exp(tl)
_dy_dx_t3 = _dy_dx_t1*_dy_dx_t 2*x+h
_dy_dx_t4 = cos(t2)
dy_dx = _dy_dx_t3*_dy_dx_t4

ad_y = _dy_dx * ad_x

The computationof _dy_dx_t 1 correspondgo the elimination of vertex 1 in the linearizedcomputational
graph. Vertices2 and 3 areeliminatedby computing_dy _dx_t 3. Finally, the elimination of vertex 4 leadsto
_dy_dx, which representshe pre-accumulategalueof dy/9x. The subroutineitself is transformednto a seman-
tically differentversionconput e _ad with inputsx andad_x andoutputsy andad_y. It is straightforwardto
verify thatfor a givenamgumentx anda derivative weightad _x, conput e_ad computedoth the function value
y andad_y—the directionalderivative of y with respectto x in directionad_x. This is what we expectfrom a
forward-modeAD-transformedderivative code. The XAIF of conput e_ad is analogougo the onefor the original
routine,with abasicblock containingadditionalassignmentandseveralnew entriesin thesymboltableandargument
list.

Theforward-modeAD versionof thetop-level routinehead is asfollows.

voi d head_ad(doubl e x, double ad_x, double y double ad_y) {
int i;
for (i=1;i<10;i++) {
conput e_ad(x, ad_x, y, ad_y) ;
if (y<0) exit;

The control flow remainsunchangedhead _ad callsconput e_ad to computebothy andad_y for givenx
andad_ x. Again,the XAIF is analogouso the onefor thehead subroutinewith the necessarghange®r additions
madeto the symboltable,agumentlist, andcall to conput e. The XAIF of the entirederivative codecanbefound
atwww. nts. anl . gov/ xai f .
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